Introduction
This thesis is concerned with primes which can be represented by the form x 2 + ny 2 , where x, y and n > 0 are integers. The main objective will be proving a theorem that, for each positive integer n, gives a condition on all but finitely many primes p which is equivalent to the prime p being of the form x 2 + ny 2 . This will be referred to as the Main Theorem, which is a theorem from the book of Cox, see [Cox13, Thm. 9.2, p. 163].
Main Theorem. Let n be a positive integer. Then there is a polynomial f n (x) ∈ Z[X] which is monic and irreducible and has degree h(−4n), such that, for any odd prime p not dividing n or the discriminant of f n (x), we have p = x 2 + ny 2 ⇔ −n p = 1 and f n (x) ≡ 0 mod p has an integer solution.
Furthermore, a monic integer polynomial f n (x) of degree h(−4n) satisfies above condition if and only if f n (x) is irreducible over Z, and is the minimal polynomial of a real algebraic integer α, for which we have L = K(α) where, K = Q( √ −n) and L is the ring class field of the order Z[ √ −n] in K.
For proving this theorem, we use theorems from class field theory. This branch of mathematics describes the relation between abelian extensions of a field, which in our case will be a finite extension of Q, and its generalized ideal class groups. The ideals studied are the ideals of the ring of algebraic integers of such a field, which are the elements whose minimal polynomials over Q have integer coefficients. Using class field theory, we can define the ring class field as mentioned in the Main Theorem, and show that the primes of the form x 2 + ny 2 are exactly the primes that split completely in this ring class field. The thesis will largely follow the book of Cox, and will be focussed mainly on giving a much more compact proof of the Main Theorem. It will also fill in some parts from Cox's book, which are left as exercises in there. Finally, almost all examples illustrating the results mentioned in the thesis were added, and thus differ from the ones given in the book.
The last part consists of a study of material closely related to the results covered in the previous chapter. This will concern results on the representation of Mersenne primes by the form x 2 + ny 2 for specified values of n, and the divisibility properties of the integer x in this representation. Finally, there are some results on the representation of Fibonacci and Lucas numbers by this form, and also a conjecture on the identity L p = x 2 + py 2 .
Content of chapters
The first chapter will be an introduction to the problem based on the work of Fermat, who was the first known to mention results of writing primes as the sum of two squares. We will then prove his results with methods similar to those Euler used, by working out special cases of quadratic reciprocity. This will give us results for the case where n ≤ 4. The next part will be the work of Legendre, Lagrange and Gauss on quadratic forms. These forms can represent integers and thus also prime numbers. In particular, we will study which prime numbers are represented by the principal form x 2 + ny 2 . For this, we first study the properties of quadratic forms and introduce an equivalence relation to group them together. Then, we will be able to study these equivalence classes of primitive positive definite forms with discriminant −4n, and show that each class represents a certain subset of values in the group (Z/4nZ) * . Now this can be used to prove our Main Theorem for more values of n, but this will still only cover a finite amount of cases.
Chapter 3 will be focused on class field theory, which will give us all the tools needed to prove the Main Theorem. Here some basic algebraic number theory will be introduced, namely the concept of algebraic integers and the behavior of prime ideals in the ring of integers of a number field. Then, we will introduce the Hilbert class field, which can be used to prove the Main Theorem for infinitely many, but not all, values of n. Orders will be introduced, which will be the generalization of the ring of integers needed to prove the Main Theorem for all values of n. Finally, we will state some reciprocity laws and theČebotarev density theorem.
In the fourth chapter we will prove the Main Theorem by making use of the results discussed in the third chapter. By defining the ring class field, we can show that a prime p splitting completely in the ring class field is equivalent to the prime being of the form x 2 + ny 2 . We give a condition, which ensures a prime p splits completely in the field, to complete the proof the Main Theorem. Then, we work out an example of the Main Theorem for the case where n = 15, which will show its application.
Finally we will discuss some related results, based on the work of Lenstra and Stevenhagen (see [LJS00] ) and Jansen (see [Jan02] ) on Mersenne primes of the form x 2 + dy 2 . We will then study Fibonacci numbers with prime index, which are of the form 4F p = 5x 2 + py 2 whenever p ≡ 3 mod 4 (see [BLM15] ). Using the same method, we will prove a similar result for Lucas numbers with prime index. In this representation, given by 4L p = x 2 + 5py 2 , we study some congruence conditions on x and y, by computation of some examples. Finally, there is a conjecture about Lucas primes of the form L p = x 2 + py 2 .
General notations
We now fix some notation and conventions that will be valid in all chapters. 
Reciprocity
In 1640, Fermat wrote a result in a letter, saying that an odd prime p can be written as a sum of two integer squares if and only if p surpasses by one a multiple of 4, which is now usually denoted by p ≡ 1 mod 4. Later, he also mentioned similar result where p can be written as x 2 + 2y 2 or x 2 + 3y 2 where x and y are integers. While he does mention a method of how to prove the statements, no proof by him is known. However, Euler did manage to prove the claims of Fermat, using the method Fermat described. In this section, we will prove the same results, in a way very similar to the work of Euler.
Quadratic reciprocity
For the case where n ≤ 3, we can give complete proofs of the question whether a prime is of the form x 2 +ny 2 . For this, we will use the methods of Euler, who divided the proof into two parts, named the Reciprocity step and the Descent step. The Reciprocity step will give us a necessary and sufficient condition such that an odd prime p divides a number of the form x 2 + ny 2 where gcd(x, y) = 1. Then the Descent step will tell that in case we have that n ≤ 3, any odd prime p dividing a number of the form x 2 + ny 2 will be of the same form. This will yield the result we are aiming for.
We will first consider the Reciprocity step, which is directly linked to the quadratic reciprocity law. We will first define the Legendre symbol. Definition 1.1.1. (Legendre symbol) Let a ∈ Z be an integer and let p be a prime number. We define the Legendre symbol as follows
if p a and ∃x ∈ Z : a ≡ x 2 mod p −1 if p a and x ∈ Z : a ≡ x 2 mod p
We can now determine in which cases we have that an odd prime p divides a number of the form x 2 +ny 2 .
Lemma 1.1.2. Let p be an odd prime not dividing n. Then we have p | x 2 + ny 2 where gcd(x, y) = 1 if and only if −n p = 1.
Proof. First suppose we have p | x 2 + ny 2 where gcd(x, y) = 1, then we find that x 2 + ny 2 ≡ 0 mod p and thus −ny 2 ≡ x 2 mod p.
Since we have gcd(x, y) = 1, we find that y is not divisible by p. So, we have that y has an inverse a in (Z/pZ) * , and thus we have −n ≡ (xa) 2 mod p. Since p and n are coprime, it follows that −n p = 1.
Now suppose we have
Since we are looking for a congruence condition on primes that ensures a prime can be written as x 2 +ny 2 , we will have to show that, for each value of n, there are congruence conditions that ensure that we have −n p = 1. This are exactly the classes described in the following theorem. Theorem 1.1.3. Let n be an integer. Then there exists a unique homomorphism χ : (Z/4nZ) * → {±1} such that, for any odd prime p not dividing n, we have
Proof. The result can be proven by making use of the Jacobi symbol, a generalization of the Legendre symbol. Note that uniqueness immediately follows from Dirichlet's theorem on primes in arithmetic progressions (see [IR82, Ch. 16 , Thm. 1, p. 251]).
To compute the residue classes in Z/4nZ such that for any odd prime in this class we have that −n p = 1, we will use the quadratic reciprocity law and supplementary laws. We will not give a proof of this result, however it can be derived from Theorem 3.4.10. 2. Let p be an odd prime number. Then
3. Let p be an odd prime number. Then
By using Theorem 1.1.4, we can now compute for which odd primes p we have that p divides a number of the form x 2 + ny 2 .
Corollary 1.1.5. (Reciprocity step) Let p be an odd prime. Then we have
Proof. Lemma 1.1.2 immediately yields us the equivalences on the left hand side. By using Theorem 1.1.4, we find that we have The second step of the proof is the Descent step. We prove that an odd prime number dividing a number N = a 2 + nb 2 , where a and b are coprime, is of the form x 2 + ny 2 . We again first need a lemma before we can prove the final result. Let us first note the following fact. Remark 1.1.6. Let n, x, y, z, w be integers, then
The identity in Remark 1.1.6 shows that if we multiply two numbers of the form x 2 + ny 2 , their product is of this form as well. We will use this fact to divide out primes of this form. Lemma 1.1.7. Let n ≤ 3 be a positive integer. Suppose we have N = a 2 + nb 2 for some coprime integers a, b and let q = x 2 + ny 2 be a prime number dividing N . Then we have N q = c 2 + nd 2 for some coprime integers c, d.
Proof. We have x
2 N − a 2 q = n(bx − ay)(bx + ay). In case we have q | n, it follows that q = n and thus we find
Otherwise we have q | bx − ay, where we can change the sign of a if necessary, so bx − ay = dq for some integer d. Now we have (a + ndy)y = ay + ndy
This implies x | a + ndy, so a + ndy = cx for some integer c.
Consequently we now have a = cx − ndy and b = cy + dx. By Remark 1.1.6 we find 
2 , or both are odd. In this case, by changing the sign of a if necessary, we find that we have 4 | b − a and so b − a = 4d for some integer d. By defining c = a + 3d, we then find b = c + d and a = c − 3d. Using the identity in Remark 1.1.6, we find
Using Lemma 1.1.7 we can now prove the Descent step for the cases where n ≤ 3. Proposition 1.1.9. (Descent step) Let n ≤ 3 and let p be an odd prime number. If we have p | N where N = X 2 + nY 2 for some integers X, Y with gcd(X, Y ) = 1, then p can be writen as p = x 2 + ny 2 .
Proof. We may assume we have |X|, |Y | < p 2 and thus N < n+1 4 p 2 , since we can first take numbers congruent to X and Y modulo p which satisfy this condition, and then divide them by their greatest common divisor d, which is necessarily smaller than p. So we find that, for any odd prime q = p with q | N , we have q < p.
We first consider the case where q = 2. We see that for n = 1, 2 we have that q is of the form x 2 + ny 2 and thus by Lemma 1.1.7 it follows that N 2 is also of the form X 2 + nY 2 . In the case where n = 3, we find that we have N ≡ X 2 − Y 2 mod 4 and thus N ≡ 2 mod 4. This means that 2 | N implies we have 4 | N , and by Remark 1.1.8 we find that N 4 is also of the form X 2 + nY 2 . Now if p is not of the form x 2 + ny 2 , then by Lemma 1.1.7 and above argument, we find that there is an odd prime number q < p such that q is not of the form x 2 + ny 2 . This means we get an infinite descending sequence of odd primes. This is not possible, so we find that p is of the form x 2 + ny 2 .
We can now combine the Reciprocity step and the Descent step to give a result in which cases we can write a prime as x 2 + ny 2 for n = 1, 2, 3. Theorem 1.1.10. Let p be an odd prime number. Then
Proof. Follows immediately from combining Proposition 1.1.5 and Proposition 1.1.9.
Remark 1.1.11. If we consider odd primes of the form x 2 + 4y 2 , we see that these primes can be written as x 2 + (2y) 2 . Since for any odd prime of the form x 2 + y 2 we have that either x or y is odd, we find that an odd prime is of the form x 2 + 4y 2 if and only if it is of the form x 2 + y 2 .
Cubic and biquadratic reciprocity
If one studies quadratic reciprocity more closely, it is not very hard to see that for any odd prime p the Legendre symbol a p denotes the unique root of the polynomial x 2 − 1 congruent to a (p−1)/2 , whenever a and p are coprime. In this section, we will show that this can be generalized for primes in larger integer rings, where integers a are related to third and fourth roots of unity. We will then show how this theory relates to our Main Theorem. First let us introduce the rings we will study. Let ω = e 2πi/3 = −1+ √ −3 2 denote a third root of unity and let i denote a fourth root of unity in the field of complex numbers. Now we will study Z[ω] and Z[i], which are subrings of the complex numbers. We will later show that these rings are related to field extensions of Q, by noting that these rings are the rings of algebraic integers of the quadratic fields Q( √ −3) and Q(i) respectively (see Example 3.1.3).
Let us list the most important properties of these rings, which we will use to find more results on primes of the form x 2 + ny 2 . For this, we first need to introduce the norm of an element α in one of these rings. We define the norm N (α) to be N (α) = αα, where α is the complex conjugate. For any prime π ∈ Z[ω] not dividing 3, it is easy to see that Z[ω]/πZ[ω] is a finite field with N (π) elements. This implies that α N (π)−1 ≡ 1 mod π for any α coprime to π. Since N (π) ≡ 1 mod 3 by statement 2. of Proposition 1.2.1, this implies that α (N (π)−1)/3 is a third root of unity modulo π. If π does not divide 3, it follows that x 3 − 1 is separable modulo 3, which implies that each α ∈ Z[ω] prime to π is congruent to a unique third root of unity modulo π. In a similar way, we see that, for any β ∈ Z[i] coprime to a prime π ∈ Z[i] not dividing 2, β is congruent to a unique fourth root of unity modulo π . is defined as the unique third root of unity such that is defined as the unique fourth root of unity such that
The quadratic reciprocity law has equivalent statements, which hold for cubic and biquadratic Legendre symbols. We will state them without a proof, which can be found in [IR82, Ch. 9, p. 108]. 1. Let π, ρ ∈ Z[ω] be primes with distinct norm such that both primes are congruent to ±1 modulo 3, then
2. Let π, ρ ∈ Z[i] be distinct primes such that both primes are congruent to 1 modulo (1 + i) 3 , then
One might wonder if there are similar theorems for rings containing a n-th root of unity for larger values of n. The main problem that arises, is that these rings are in general no longer unique factorization domains. However, it is still possible to prove a more general reciprocity theorem for arbitrary values of n, which will be given in section 3.4.2. These results will be stated in terms of ideals, rather than elements, as ideals still do have a unique factorization in these larger rings. These results can also be used to prove Theorem 1. Again one might wonder if generalization for n-th roots of unity and corresponding reciprocity laws yields more results. The key ingredient of the proof however, is the factorization in the quadratic fields Q(i) and Q( √ −3) of these primes. For larger values of n, the fields containing such roots will be extensions of degree larger than 2. So we will need different methods for proving our Main Theorem for arbitrary values of n.
Quadratic forms
Lagrange was the first to study quadratic forms, which are polynomials of degree 2 in two variables. Introducing some basic definitions and an equivalence relation, he managed to provide tools for answering more questions about primes represented by the form x 2 + ny 2 . It will provide a different proof of the results from Chapter 1, but also results of an equivalent form for different values of n. We will also study the work of Gauss, in which he managed to construct a group law on the set of proper equivalence classes of quadratic forms. Finally, we will discuss how these results can be used to determine in which cases a congruence condition of p modulo 4n is sufficient to ensure a prime is of the form x 2 + ny 2 , which turns out to happen only in finitely many cases.
In order to study wether a prime can be expressed by the form x 2 + ny 2 whenever n ≥ 5, we will look more closely at the expression x 2 + ny 2 . As a polynomial in two variables x and y, it is a quadratic form.
A quadratic form is called primitive if we have gcd(a, b, c) = 1.
We will study the quadratic form x 2 + ny 2 , in order to look for prime numbers that can be represented by this form. For this we will first need to determine in which cases prime numbers are represented by a certain quadratic form. We will then introduce a method to relate different quadratic forms by an equivalence relation. This will tell us which primes are represented by the form x 2 + ny 2 for some values of n.
Definition 2.1.2. Let m ∈ Z be an integer and let f (x, y) be a quadratic form. We say that m is represented by f (x, y) if there are integers p, q ∈ Z such that m = f (p, q).
Furthermore, we will say that m is properly represented if we also have that gcd(p, q) = 1.
Before studying which forms represent certain integers, and in particular prime numbers, we need to find a way to group together forms representing the same set of numbers, to give us a more conclusive result about whether or not a certain form represents an integer. For this purpose, we introduce the following equivalence of quadratic forms. Definition 2.1.4. (Equivalent forms) Let f (x, y) and g(x, y) be quadratic forms. We say that f (x, y) and g(x, y) are equivalent if there are p, q, r, s ∈ Z such that f (x, y) = g(px + qy, rx + sy) and ps − qr = ±1.
If ps − qr = 1, we say that f (x, y) and g(x, y) are properly equivalent. One can easily check this, by noting that a quadratic form can be uniquely represented by a 2 × 2 matrix A, and the integers p, q, r, s correspond with invertible matrices with integer coeffecients, whose inverses also have integer coeffecients. This fact can also be used to show some properties that equivalent forms share. For any two equivalent forms, we will see that they represent the exact same set of numbers. Moreover, they also have the same discriminant.
Proposition 2.1.6. Let f (x, y) and g(x, y) be two equivalent quadratic forms. Then an integer m is represented by f (x, y) if and only if it is represented by g(x, y), both forms have the same discriminant and f (x, y) is primitive if and only if g(x, y) is primitive.
Proof. Let m be an integer represented by f (x, y) and let x 0 , y 0 ∈ Z such that f (x 0 , y 0 ) = m. Then there are integers p, q, r, s such that g(px 0 + qy 0 , rx 0 + sy 0 ) = f (x 0 , y 0 ) = m, so m is represented by g(x, y).
Let g(x, y) = ax 2 + bxy + cy 2 and let p, q, r, s ∈ Z such that f (x, y) = g(px + qy, rx + sy). Consider the
. Then we see that g(x, y) = x y A x y . The determinant of A multiplied by −4
exactly yields the discriminant of g(x, y). Since the matrix representing f (x, y) is obtained by multiplying A with invertible matrices, such that both the matrix and its inverse have integer coefficients, we find that f (x, y) has the same discriminant. Now suppose f (x, y) is not primitive. Then there is some integer d > 1 such that d divides all coefficients of f (x, y). This means that any number represented by f (x, y) will be divisible by d and so any number represented by g(x, y) will be divisible by d as well. For g(x, y) = ax 2 + bxy + cy 2 this means that a = g(1, 0), b = g(0, 1) and a + b + c = g(1, 1) are all divisible by d, so we find that g(x, y) is not primitive either.
We can now turn into looking which primes can be expressed by the form x 2 + ny 2 . For this we will first need a lemma, after which we can prove a theorem about integers m being represented by quadratic forms with discriminant D.
Lemma 2.1.7. Let f (x, y) be a quadratic form and let m ∈ Z be an integer. Then m is properly represented by f (x, y) if and only if f (x, y) is properly equivalent to the form mx 2 + bxy + cy 2 for some b, c ∈ Z.
Proof. First suppose that f (x, y) properly represents m. Then there are some integers p, r ∈ Z with gcd(p, r) = 1 and f (p, r) = m. Since we have gcd(p, r) = 1, we can find integers q, s ∈ Z such that ps − qr = 1. Now we have
for some b, c ∈ Z. So we find that f (x, y) is properly equivalent to this form. Suppose f (x, y) is properly equivalent to mx 2 +bxy +cy 2 for some b, c ∈ Z. This form properly represents m (by setting (x, y) = (1, 0)), so f (p, r) = m for some p, r ∈ Z with gcd(p, r) = 1.
Corollary 2.1.8. Let n ∈ N be a positive integer and let p be an odd prime not dividing n. Then p is properly represented by a primitive form with discriminant −4n if and only if
Proof. First let us note that
. If p is properly represented by f (x, y) with discriminant −4n, then by Lemma 2.1.7 we find f (x, y) is properly equivalent to a form px 2 + bxy + cy 2 , where
In case we have −n p = 1, we find that −n = b 2 − cp for some b, c ∈ Z and thus −4n = (2b) 2 − 4cp. Now the form f (x, y) = px 2 + 2bxy + cy 2 has discriminant −4n and is primitive, since p odd and not dividing n implies p not dividing −4n, from which follows that p does not divide 2b.
We can now conclude in which case a prime p can be represented by a quadratic form of discriminant −4n. Since x 2 + ny 2 has discriminant −4n, we see that for any prime number of this form we necessarily have −n p = 1. However, we can not yet say anything about whether or not a prime with this property is actually represented by the particular form x 2 + ny 2 , or by some other form of the same discriminant. In order to do this, we will study the reduced forms, which will tell us more about whether or not p can be represented by x 2 + ny 2 .
Reduced forms
We will introduce the concept of reduced forms, in order to show that every quadratic form is properly equivalent to a unique reduced form. This enables us to only study the reduced forms and the numbers they represent. Then, we look at the special reduced form x 2 + ny 2 , which is our main topic of interest. This leads us to a new result for primes represented by this form in the case where n = 7.
First, we study the forms representing only positive values. Using the identity
we find that a form has discriminant D < 0 and coeffecient a > 0 if and only if all values represented by f (x, y) for (x, y) = (0, 0) are positive.
Definition 2.2.1. (Positive definite) Let f (x, y) be a quadratic form. We say that f (x, y) is positive definite if f (x, y) represents only positive numbers for (x, y) = (0, 0).
Note that in the same way we can define negative definite and indefinite forms, which represent negative and both positive and negative numbers, respectively. We can now give a definition of a reduced form. In order to show the uniqueness of the reduced forms, we will need to show that no two reduced forms are properly equivalent. To show this, we observe that for a reduced form f (x, y) = ax 2 + bxy + cy 2 for which we have |b| < a < c, we find that a and c are the smallest values represented by f (x, y). In case one of the equalities |b| = a or a = c holds, we can find similar results by observing that a still is the smallest number represented by f (x, y) and using that b ≥ 0 in this case. This leads to the following lemma.
Lemma 2.2.3. Let f (x, y) and g(x, y) be reduced quadratic forms. If f (x, y) and g(x, y) are properly equivalent, then f (x, y) = g(x, y).
We can now state our main theorem on quadratic forms, which yields us a way to uniquely represent a proper equivalence class of primitive positive forms. Theorem 2.2.4. Every primitive positive definite quadratic form is properly equivalent to a unique reduced form.
Proof. Let f (x, y) be a quadratic form. Among all of the forms properly equivalent to f (x, y), choose the form g(x, y) = ax 2 + bxy + cy 2 with the smallest value of |b|. First suppose that we have a < |b|. The forms g(x ± y, y) = ax 2 + (b ± 2a)xy + (a + c)y 2 are properly equivalent to f (x, y) and since we have that either |b+2a| < |b| or |b−2a| < |b| by the assumption 0 ≤ a < |b|, we get a contradiction. So we find that we have a ≥ |b| and by using that g(x, y) and g(−y, x) are properly equivalent we find c ≥ |b| using the same argument. We can also use this equivalence to obtain c ≥ a, so f (x, y) is properly equivalent to a reduced form or to a form h(x, y) = a x 2 + b xy + c y 2 , such that its coefficients satisfy |b | ≤ a ≤ c , b < 0, and |b | = a or a = c . In case we have |b | = a , we find that the form h(x + y, y) is properly equivalent to f (x, y) and is reduced and in the case we have h(x, y) with a = c , we find that the form h(−y, x) is properly equivalent to f (x, y) and is reduced. By Lemma 2.2.3, this reduced form is not properly equivalent to any other reduced form, and thus uniqueness follows.
Since we have D = b 2 − 4ac ≥ −3a 2 for any reduced form and thus a 2 ≤ −D/3, we see that the number of reduced forms with discriminant D is finite. This means Theorem 2.2.4 implies that the amount of proper equivalence classes of primitive positive definite forms with fixed discriminant D is finite. We will denote the amount of reduced forms, which equals the amount of proper equivalence classes, with discriminant D < 0 by h(D).
By combining Corollary 2.1.8 and Theorem 2.2.4, we now find that for any odd prime p satisfying −n p = 1, the prime p is represented by a reduced form with discriminant −4n. This means we know when a prime will be represented by a reduced form with discriminant −4n, but we have no way yet to determine which quadratic form will represent p in case h(D) > 1. Since h(−4n) = 1 if and only if n ∈ {1, 2, 3, 4, 7}, which can be shown by constructing two reduced forms of discriminant −4n for all other values of n, we will need a way to distinguish reduced forms and their corresponding proper equivalence classes of forms for a stronger result.
Genus theory
Consider the quadratic form x 2 + ny 2 with discriminant D = −4n. This form is reduced for all positive integers n, which turns us into looking for a way to distinguish the reduced forms and by that distinguish all proper equivalence classes of forms. This will be the study of Genus Theory, a name which comes from Gauss ([Cox13, p. 59]).
Example 2.3.1. Let m be an integer represented by x 2 + 5y 2 , and coprime to the discriminant D = −20 of the form. We find that m ≡ x 2 mod 5 and m ≡ x 2 + y 2 mod 4, which implies m ≡ ±1 mod 5 and m ≡ 1 mod 4. So we find that m ≡ 1, 9 mod 20. Similar congruence arguments show that integers represented by 2x 2 + 2xy + 3y 2 , another reduced form with discriminant D = −20, are congruent to 3 or 7 modulo 20.
We attempt to group together forms with discriminant D < 0 by the values in (Z/DZ) * they represent. To do so, we first need a formal way to talk about the values in (Z/DZ) * represented in the form, which is actually a coset of some subgroup of (Z/DZ) * . To show this, we first define the principal form. If we look at Remark 1.1.6, we see that the product of any two values in ker χ represented by the principal form is again represented by it. So, we find that the values represented by the principal form indeed form a subset H ⊂ ker χ.
This implies that at least one of the values f (1, 0), f (0, 1) and f (1, 1) is coprime to D and properly represented by f (x, y), so, by Lemma 2.1.7, we can write g(x, y) = a x 2 + b xy + c xy where g(x, y) is properly equivalent to f (x, y) and a is coprime to D. Since D = −4n is even, we find that b is even so that b = 2b , and we have a g(x, y) = (a x + b y) 2 + ny 2 .
But this immediately implies that any value coprime to D represented by g(x, y), and therefore any value coprime to D represented by f (x, y) in (Z/DZ) * , lies in the coset a −1 H.
Consequently, we see that we can group primitive positive definite forms with the same discriminant by the values in (Z/DZ) * they represent. For the cases where the principal genus consists of only one class, this gives us a result on when a prime p can be written as x 2 + ny 2 . However, two problems arise here. First, we have no way to compute for which values of n this will happen. Moreover, one can show that only in a finite amount of cases the principal genus will consist of only one form. Therefore, we will need a more general approach to solve the problem.
Composition of forms
It is possible to compose the proper equivalence classes of forms, such that this composition defines a group law on this set. The corresponding group will later turn out to have very tight connections to the general solution of the question whether an odd prime p can be expressed in the form x 2 + ny 2 . Now, for two primitive positive definite quadratic forms f (x, y) and g(x, y) with the same discriminant D = −4n, we will define a composition of forms. We will first need a condition on the coefficients to get a direct expression for the composite form. For this, we will use the following lemma, which can be proven by rewriting the congruences to a general form and showing this general form has a unique solution. We define the Dirichlet composition of the two forms to be the form
where B is the integer as found in Lemma 2.4.1, so that F (x, y) is well-defined.
One can immediately see that F (x, y) is again a primitive positive definite form of discriminant D. We also see that, for any primitive positive definite form f (x, y) = ax 2 + bxy + y 2 with discriminant D = −4n, we have that f (x, y) composed with the principal form x 2 + ny 2 gives a = 1, and we see B = b satisfies all congruences in Lemma 2.4.1 (where b is even since D = −4n), so their Dirichlet composition will be f (x, y). If we consider the opposite formf (x, y) = ax 2 − bxy + cy 2 , we see thatf (−y, x) = cx 2 + bxy + ay 2 is properly equivalent to it, and B = b again satisfies all congruences in Lemma 2.4.1, which shows that their Dirichlet composition is F (x, y) = acx 2 + bxy + y 2 . Since F (−y, x + by/2) = x 2 + ny 2 , composing a form with its opposite yields the principal form.
These properties seem to suggest that Dirichlet composition defines a group law on the set of proper equivalence classes of primitive positive definite quadratic forms with discriminant D = −4n. For now, we will assume that Dirichlet composition indeed induces a well-defined group law on this set, which can be proven directly. A more convenient approach to proving this is by showing that there is a natural bijection between the form class group of discriminant D and the ideal class group of an order with discriminant D in an imaginary quadratic field. One can then show that ideal multiplication corresponds with Dirichlet composition on the related forms. This will be shown in section 3.4.1. We see that the form class group C(D) with Dirichlet composition is now a finite abelian group. Since for an element in a group we have that its order is at most 2 if and only if the element is its own inverse, we see that for any class it is of order 2 in C(D) if and only if the reduced form f (x, y) representing the class is properly equivalent to its opposite. By looking at the proof of Theorem 2.2.4, we see that the opposite form is properly equivalent to f (x, y) if and only if b = 0, a = b or a = c.
Notice that we can compare the group structure of the form class group to that of the group of values represented by the corresponding forms. The principal genus then consists of the forms representing values in the subgroup H ⊂ ker χ as found in Lemma 2.3.3. This means we obtain a homomorphism
that sends any class of forms to the coset of values it represents. This is clearly a homomorphism, as any number represented by the Dirichlet composition F (x, y) of two forms f (x, y) and g(x, y) can be written as a product of numbers represented by f (x, y) and g(x, y), and thus the coset of values represented by F (x, y) is exactly the product of the cosets of values represented by f (x, y) and g(x, y), respectively. Another fact we can observe from this homomorphism, is that every genus consists of the same number of equivalence classes.
For any square integer we have that the principal form f (x, y) = x 2 + ny 2 represents it, as we have f (x, 0) = x 2 . But this means that all squares in (Z/DZ) * are contained in H and thus every element in ker χ/H has order at most 2. Thus, we find that the square of any form lies in the principal genus. We can show that the opposite also holds, so that any form in the principal genus can be written as a square. So this means we have a condition to ensure when we have only one form in the principal genus, since this is the case if and only if the subgroup of squares consists of one element. This happens if and only if all elements have order at most 2, which by above observations results into the following corollary. Proof. The principal genus consists of exactly one form if and only if every element has order at most 2, which is the case if and only if every reduced form is properly equivalent to its opposite. Now a reduced form is properly equivalent to its opposite if and only if b = 0, a = b or a = c, so the equivalences follow.
This yields a more explicit way to compute the values of n for which the principal genus of discriminant −4n consists of just the principal form, as we can conclude whether or not this is the case by observing all reduced forms of discriminant −4n. However, computing the reduced forms still requires a lot of work, and it can be shown that only in a finite amount of cases we have that the principal genus consists of one form. This means that only in a finite number of cases we can determine whether a prime is of the form x 2 + ny 2 by considering just the residue class of the prime modulo 4n. So, for other values of n, we will need to look for an additional condition on prime numbers to ensure a prime is of this particular form.
Chapter 3
Class field theory
This chapter covers some important theorems in two main subjects, algebraic number theory and class field theory. The first part will be focused on the behavior of prime ideals of the ring of algebraic integers in finite extensions of Q. Then, we define the Artin symbol of a prime ideal, which will relate prime ideals to the Galois group of the extension. We introduce the concept of an order, so that we can study prime ideals in the ring Z[ √ −n], a ring that is tightly connected to our Main Theorem. Finally, we show the ideal class group of an order is isomorphic to the form class group of the same discriminant.
In the last section, we look into the theorems of class field theory. We define the Artin map and see how it relates the Galois group of an extension of number fields to the generalized ideal class group of the number field. This map allows us to construct abelian extensions of number fields, in which prime ideals ramify only if they divide a fixed ideal. These constructions will be crucial in proving the Main Theorem.
Algebraic number theory
Algebraic number theory is focused on the study of algebraic integers in number fields, which can be viewed as a generalization of the ring of integers Z. We study the behavior of prime ideals in this ring, and their connection to algebraic numbers. Finally, we apply the results to quadratic fields, which are important for proving the Main Theorem.
Algebraic integers
To introduce the notion of an algebraic integer, we will first consider the fields we are interested in, which are finite extensions of Q which are embedded in C.
Definition 3.1.1. (Number Field) Let K ⊂ C be a subfield of the complex numbers such that K is a finite extension of Q. Then we say K is a number field.
Definition 3.1.2. (Algebraic Integers) Let K be a number field and let α ∈ K. We say that α is an algebraic integer if there is a monic polynomial f (x) ∈ Z[x] such that α is a root of f (x). The set of all algebraic integers of K will be denoted by O K .
Example 3.1.3. Let N = 0, 1 be a squarefree integer and consider the field K = Q( √ N ). Let α ∈ O K , and denote by f (x) the minimal polynomial of α, then we have that f (x) ∈ Z[x]. If we write α = a + b √ N , then we find that, by considering the non-trivial automorphism on K, the minimal polynomial f (x) of α is given by
Since the coefficients of this polynomial are integers, we find that a ∈
An important property of O K is that it is a free Z-module of rank [K : Q] (see [Mar77, Cor. to Thm. 9, p. 29]). From this, we can derive a series of useful properties, which tell us that O K is actually a Dedekind domain, and thus any ideal has a unique decomposition into prime ideals.
Proposition 3.1.5. Let K be a number field and let O K be the set of algebraic integers of K. Then the following statements hold.
1. The set O K is a subring of C and K is its field of fractions.
For any nonzero ideal
3. The ring O K is a Dedekind domain.
Proof. Let K be a number field and let O K be the algebraic integers of K.
1. Let α, β ∈ O K . Since we have that O K is a finitely generated Z-module, it follows that
This immediately implies α + β, αβ, −α ∈ O K , and therefore we have that O K is a ring contained in C.
2. Let α ∈ a such that α = 0 and let f (X) ∈ Z[X] be a polynomial such that f (α) = 0. Now if m is the constant coefficient of f (X) we have m ∈ a, since α ∈ a and f (α) = 0. But this implies we have mO K ⊂ a, and thus there is a surjection O K /mO K → O K /a. Using that O K is a finitely generated Z-module, we find that O K /mO K is finite from which immediately follows that O K /a is finite.
3. We will show that O K is a Dedekind domain by showing it is integrally closed in K, Noetherian and every nonzero prime ideal of O K is maximal.
is a finitely generated O K -module, and since O K is a finitely generated Z-module, we see that Z[α] is a finitely generated Z-module. But this yields a monic polynomial g(X) ∈ Z[X] such that g(α) = 0, which implies α ∈ O K . Thus O K is integrally closed in K.
Suppose we have an infinite chain of ideal inclusions 0 = a 0 ⊂ a 1 ⊂ a 2 ⊂ .... By property 2. we see that O K /a i is finite for all i ≥ 1, which implies that there is I ∈ N such that a i = a j for all i, j > I. So we find that O K is Noetherian.
Let p be a prime ideal, then O K /p is a domain. Since it is finite by property 2., we find that O K /p is a field. Thus p is a maximal ideal.
Prime ideals
In Proposition 3.1.5, we saw that, for a number field K, the ring of integers O K is a Dedekind domain. An important consequence of this fact is the unique factorization of ideals into prime ideals, which is a general result that holds in any Dedekind domain (see [Mar77, Thm. 16, p. 59]).
Corollary 3.1.6. Let K be a number field and let O K be its ring of integers. Let a be a nonzero ideal of O K . Then a can be uniquely written as
were all of the p i 's are nonzero prime ideals of O K .
Remark 3.1.7. For convenience, we will often refer to nonzero prime ideals p of O K as "primes of K".
Suppose we have a finite extension K ⊂ L of number fields. If p is a prime of K, then pO L is an ideal in O L , and, by Corollary 3.1.6, can therefore be uniquely factored into prime ideals of O L . Now write
We will see that these numbers are strongly related to the degree of the extension K ⊂ L.
Theorem 3.1.8. Let K ⊂ L be an extension of number fields, let p be a prime of K and denote by e i and f i the ramification indices and inertial degrees of the primes P i lying over p, respectively.
The following equality holds
2. If K ⊂ L is Galois, then all primes P lying over p have the same ramification index e and inertial degree f , and we have ef g = [L : K].
In this case, we define e to be the ramification index and f to be the inertial degree of p in L.
Proof. We will assume the norm function on ideals is multiplicative and the Galois group acts transitively on the primes in L lying over the prime p of K. For a proof of these facts, see [Mar77, Thm. 22 and Thm. 23, p. 66 and p. 70].
1. By computing the norms of the ideal pO L and the prime ideals P i , we find N (pO L ) = |O K /p| n and
, we find that e Pi|p = e σ(Pi)|p = e for all 1 ≤ i ≤ g and some integer e. In the same way, one finds that any σ ∈ Gal(L/K) induces an isomorphism between O L /P i and O L /σ(P i ), and therefore f Pi|p = f σ(Pi)|p = f for all 1 ≤ i ≤ g and some integer f . Consequently, by using the result from 1., we find that
We see that the behavior of primes of K in the extension L is uniquely determined by the numbers e and f . We will be mostly interested in the case where we have e = 1 and f = 1, which leads to the following definition.
To prove our Main Theorem on primes of the form x 2 + ny 2 , we first prove a theorem saying that an odd prime will be of this form if and only if the prime p splits completely in a certain extension L of the field K = Q( √ −n), called the ring class field. So, we will look for a condition on a prime p of K that ensures the prime will split completely in an extension L of K. This results into the following proposition.
Furthermore, all the f i (x)'s have the same degree which equals the inertial degree f of p in L.
The prime p is unramified in L and splits completely if and only if
Proof. We use the fact that for each prime P lying over p, there are exactly ef elements σ ∈ Gal(L/K) such that σ(P) = P, which form a subgroup. This subgroup is called the decomposition group of P and is denoted by D P . For a proof, see [Mar77, Thm. 28, p. 100].
1. Since f (α) = 0 mod p, we find that for each prime P lying over p there is some f i (x) such that f i (α) ∈ P. Without loss of generality, we assume
of f , and f 1 (x) is the minimal polynomial of the element α in this extension, we have deg(f 1 (x)) ≤ f . Now, we have f 1 (σ(α)) ≡ σ(f 1 (α)) ≡ 0 mod P for every σ ∈ D P , and since f (x) and thus f 1 (x) is separable, this means that f 1 (x) has ef distinct zeroes in O L /P. So we find that deg(f 1 (x)) ≥ ef . Both statements combined imply e = 1 and deg(f 1 (x)) = f , so we find that the number of distinct factors f i (x) equals the number g of distinct primes P i lying over p.
So we find that pO L = P 1 · · · P g , where f i (α) ∈ P i for all 1 ≤ i ≤ g. If we let I i = pO L + f i (α) for 1 ≤ i ≤ g, we see that I i ⊂ P i for all i, but at the same time we have P 1 · · · P g = pO L ⊂ I i for all i. From this we immediately find I i = P i for all i, as f i (α) / ∈ P j for i = j, so that indeed we have
2. Part 1. implies that pO L is a product of distinct primes and thus e = 1, so p is unramified.
Suppose that p splits completely, then we have f = 1 and by statement 1., we see that all the f i (x)'s have degree 1 and thus have a zero in O K . Hence the equation f (x) ≡ 0 mod p has a solution. Conversely, if f (x) ≡ 0 mod p has a solution, we find some irreducible polynomial f i (x) modulo p of degree 1 that divides f (x), which when combined with statement 1. implies that f = deg f i (x) = 1. Therefore, p splits completely.
Proposition 3.1.11. Let K be a quadratic field and let d K be its discriminant. Let p be an odd prime number.
If
Proof. First suppose we have
we have p 2 = pO K . Now by Theorem 3.1.8 we see that p is necessarily prime.
Otherwise we have
. By applying Proposition 3.1.10 to √ d K and its minimal polynomial X 2 − d K which is separable modulo p we find:
2. The condition is odd, so we find that 2 splits completely in K if and only if N = d K ≡ 1 mod 8; and 2O K is prime if and only if d K ≡ 5 mod 8.
Hilbert class field
We now study more closely a condition that ensures when a prime p can be written as x 2 + ny 2 . There is a number field in which this condition is equivalent to the prime splitting completely. Since this means the prime is necessarily unramified, we will determine in which extensions of a field K a prime is unramified. For this we first define infinite primes.
Definition 3.2.1. (Infinite prime) An embedding σ of K into R is called a real infinite prime. A pair of conjugate embeddings σ, σ with σ = σ of K into C is called a complex infinite prime. We say a real infinite prime of K ramifies in L if there is an extension of σ on L that is complex. If such an extension does not exist, we say the real prime is unramified in L. Unramified extensions are interesting, because of the behavior of prime ideals in these extensions. If we study abelian unramified extensions of K, one can prove that there exists a maximal field with this property. This result is an immediate consequence from Theorem 3.4.6 and Corollary 3.4.7, which will be treated later. The most important tool to determine whether primes split completely in the Hilbert class field (or any unramified abelian extension) is the Artin symbol. This is a unique element in the Galois group with certain properties. We can find it by noting that any element σ ∈ Gal(L/K) that leaves a prime P lying over p invariant, naturally induces an automorphism of the finite field O L /P, which is an element in the Galois group of the extension
Conversely, any automorphism in the Galois group of this extension of finite fields gives us a unique corresponding element in the Galois group Gal(L/K). If we take the Artin symbol to be the unique element corresponding to a generator of the Galois group of the extension of finite fields, better known as the Frobenius automorphism of the field, we get the following result. 
This element σ is called the Artin symbol of P and is denoted by
We will now prove a few properties of the Artin symbol.
Proposition 3.2.5. Let K ⊂ L be a Galois extension of number fields. Let p be a prime of K that is unramified in L and let P be a prime of L lying over p.
For any
Consequently for an abelian extension the Artin symbol only depends on the underlying prime p; we denote it by L/K p in this case.
2. The order of the Artin symbol of P is the inertial degree f of p in L.
3. The prime p splits completely in L if and only if the Artin symbol of P is the identity element.
Proof. We will prove the statements individually.
1. Let σ ∈ Gal(L/K), then for any α ∈ σ(P) we have σ −1 (α) ∈ P and thus
But this means we have
and by uniqueness of the Artin symbol the result follows. For an abelian extension we can see, by noting that the Galois group acts transitively on the primes P lying over p, that the Artin symbol depends solely on the underlying prime p.
2. The Artin symbol corresponds with the Frobenius automorphism in the Galois group of the finite extension O K /p ⊂ O L /P, which is of degree f . The Frobenius automorphism is a generator, and therefore is of order f . Consequently, the Artin symbol is of order f .
3. We have that the Artin symbol is the identity map if and only if its order is 1, which by statement 2. is equivalent to f = 1. But by assumption we have e = 1, and thus this condition is equivalent to p splitting completely in L.
Example 3.2.6. Let K = Q and L = Q(i). The primes 3Z and 5Z are unramified in O L , since they do not divide d K = −4. Now we find that the Artin symbols for these primes should satisfy
By applying Fermat's little theorem, we find that
Thus, for the prime 3Z we see its Artin symbol is complex conjugation, while for the prime 5Z it is the identity map. Indeed we see that the prime 5 splits completely in L, as we have
Orders in quadratic fields
In order to prove the Main Theorem on primes of the form x 2 + ny 2 , we will study the behavior of primes in the ring Z[ √ −n]. However, as we have seen in Example 3.1.3, this is not the full ring of integers of the field K( √ −n) whenever n ≡ 3 mod 4 or n is not squarefree. This more general case will be treated by showing that the ring Z[ √ −n] is an order.
Definition 3.3.1. (Order) Let K be a quadratic field. An order is a subring O ⊂ K containing 1 ∈ K such that O is a free Z-module of rank 2.
We see that Z[ √ −n] is an order in K = Q( √ −n) for all positive integers n. We also see that the full ring of integers, as given in Example 3.1.3, is an order. More precisely, it is the maximal order, since any order O is contained in it. This follows by noting that, for any α ∈ O, by definition of an order we have α 2 = aα + b for some integers a, b. Consequently, we find α ∈ O K . Now, any order can be expressed in the form described in the following lemma. 
Proof. Since O and O K are both finitely generated Z-modules of the same rank, we find that O indeed has finite order in O K . Because we have 1 ∈ O, we find that
Now we can characterize any order by this number f . This leads to the following definition. One can show that for any integral basis (α, β) of an order O in K, the discriminant is equal to (αβ −α β) 2 , where α → α is the nontrivial element of the group Gal(K/Q). This implies that the discriminant of Z[ √ −n] equals −4n, and we can thus easily compute the conductor of this order in the field K = Q( √ −n). An immediate consequence is that for any prime p not dividing n, we find that p does not divide d K and is thus unramified in K by Proposition 3.1.11.
Let us study more closely the ideals of an order O. In Corollary 3.1.6, we saw that for the maximal order O K we have unique factorization of ideals. This property does not hold for orders in general. We will later see this property does hold for ideals which are prime to the conductor f of the order, but first let us look into ideals in a more general context. We can copy the proof of Proposition 3.1.5 to see that for an O-ideal the quotient group O/a is finite. Therefore, we can define the norm in the same way, by setting N (a) = |O/a|. Now we define the ideal class group of an order O. One can also relate the ideal class group to the Galois group of abelian extension of the field K. But to do so, we must first relate the ideals of the order O to ideals of the maximal order O K . For this, we study the ideals of O which are prime to f , and we will find their ideal class group, obtained by taking the quotient of principal ideals generated by elements with norm prime to f , is naturally isomorphic to the ideal class group O. Moreover, it is naturally isomorphic to a generalized ideal class group of the maximal order O K . 
Proof. We prove the statements individually.
Consider the map O/a → O/a induced by multiplication by f on O.
Since O/a is isomorphic to Z/aZ, where a = N (a), by definition of the norm, we find that this map is an isomorphism if and only if N (a) is relatively prime to f . But one also sees, because the group is finite, the map is bijective if and only if it is surjective. Now this is equivalent to a + f O = O, and the statement follows.
2. Let a be an O-ideal prime to f . Suppose we have β ∈ K such that βa ⊂ a. Now we have 1 ∈ O = a+f O, so we can write 1 = α + f · γ with α ∈ a and γ ∈ O. Now β = αβ + f · γβ, where we have αβ ∈ a by our assumption, and f γβ ∈ f O K ⊂ O. Thus, we have β ∈ O, and we find that a is proper. The next part will be relating ideals prime to f to ideals of the maximal order. The next proposition will show every ideal prime to f in O corresponds with a unique ideal prime to f in O K . We denote the subgroup I(O K , f ) of ideals prime to f in the maximal order by I K (f ). Proposition 3.3.8. Let K be a quadratic field and O ⊂ K an order of conductor f . Then the map given by a → a ∩ O is well defined and induces an isomorphism I K (f ) → I(O, f ) and has inverse map given by a → aO K .
Proof. Suppose that a is an O K -ideal prime to f . Then we have an injection O/(a ∩ O) → O K /a. Now, since a is prime to f , we have O K = a + f O K and f O K ⊂ O, so we see the map is also surjective. Therefore, we find that N (a ∩ O) = N (a). By Proposition 3.3.7, this immediately implies that both norms are relatively prime to f and thus a ∩ O is prime to f .
Suppose that b is an O-ideal prime to f . Then we have 1 ∈ O = b + f O and thus, for any α ∈ O K , we
The map a → a ∩ O can be naturally extended to fractional ideals by mapping ab −1 to (a ∩ O)(b ∩ O) −1 . The inverse map as given is obviously multiplicative and thus the only part left to prove is that it is indeed an inverse map. This follows from the identities aO K ∩ O = a for every O-ideal a prime to f and (b ∩ O)O K = b for every O K -ideal b prime to f , which can be proven by noting that in each case one inclusion is clear, and the other can be proven using the ideals are prime to f and the fact that f O K ⊂ O.
One can now deduce unique factorization of ideals in O prime to the conductor f into prime ideals prime to f , by observing that this factorization is uniquely determined by the unique factorization of the corresponding ideal in O K prime to f . From the isomorphism O/(a ∩ O) → O K /a, found in the proof op Proposition 3.3.8, it follows that, if a is a prime ideal in O K prime to f , then a ∩ O is a prime ideal in O prime to f . This unique factorization, combined with class field theory, will be a key ingredient for proving the Main Theorem.
Proposition 3.3.9. Let K be an imaginary quadratic field. Let O ⊂ K be an order of conductor f . Let P K,Z (f ) be the subgroup of I K (f ) generated by principal ideals αO K with α ∈ O K satisfying α ≡ a mod f O K for some integer a ∈ Z coprime to f . Then there are natural isomorphisms
Proof. The isomorphism C(O)
I(O, f )/P (O, f ) was proven in Proposition 3.3.7. The isomorphism I(O, f ) I K (f ) from Proposition 3.3.8 induces a surjective map I(O, f ) → I K (f )/P K,Z (f ), so it remains to show the kernel of this map is the subgroup P (O, f ).
By Lemma 3.3.2, we see that, for α ∈ O K , the condition α ≡ a mod f O k with a ∈ Z implies α ∈ O. In the same manner, we can write α ≡ a mod f O K with a ∈ Z for any α ∈ O. Since N (α) = αα, where α denotes the complex conjugate, we have
Therefore, we find that the principal ideals αO in the order O with N (α) prime to f correspond exactly with the principal ideals αO K in O K with α ≡ a mod f O K for some a ∈ Z coprime to f .
Theorems of class field theory
The Artin symbol from section 3.1.2 allows us to relate prime ideals in K unramified in an abelian extension L of K to the Galois group of this extension. In Proposition 3.2.5, we saw that the primes that split completely in this extension are exactly the primes having Artin symbol 1 ∈ Gal(L/K). In this section, we will use unique factorization of ideals into prime ideals to introduce a map C(O) → Gal(L/K), which will be called the Artin map. Since for any element σ ∈ Gal(L/K) there is a prime ideal with Artin symbol σ, this map is an isomorphism. The first theorem of class field theory will show that the Galois group of any abelian extension L of K corresponds with some generalized ideal class group. However, it is the existence theorem, which tells us that any generalized ideal class group corresponds with a unique abelian extension L of K, that will be crucial for the proof of the Main Theorem.
Moduli
We first introduce moduli, which allow us to define the Artin map for any extension, where the primes that ramify are determined by the modulus. In this way we can ensure we obtain an extension in which all relevant primes are unramified, and thus have a corresponding Artin symbol.
Definition 3.4.1. (Modulus) Let K be a number field. We define a modulus a to be a formal product over all primes p, both finite and real infinite, with non-negative exponents n p , of which only finitely many are non-zero and are equal to 0 or 1 for all infinite primes.
The condition on the exponents imply that any modulus can be written as the formal product of an O K -ideal m 0 and a product of distinct real primes m ∞ . In case of an imaginary quadratic field, this means that a modulus can be regarded as an ideal. We say a modulus divides another modulus whenever all of its exponents are equal or smaller. The modulus with exponents all equal to zero, which can be regarded as the ideal O K , is denoted by 1. Now we can define the I K (m) as the subgroup of I K generated by all the ideals prime to m 0 and P K,1 (m) as the subgroup generated by the principal ideals αO K prime to m 0 with α ∈ O K satisfying α ≡ 1 mod m 0 and σ(α) > 0 for all real infinite primes σ dividing m, i.e. the primes with exponent 1. Now if we look at an order of an imaginary quadratic field and its conductor f , we see that the group I K (f ) from section 3.3 is equal to the group I K (m), where m is the modulus f O K . The group P K,Z (f ) is a congruence subgroup for m = f O K , and by Proposition 3.3.9, the class group C(O) is a generalized ideal class group for m. This theorem says that for any abelian extension K ⊂ L and modulus m divisible by all primes of K that ramify in L, with sufficiently large exponents, the kernel of the Artin map is a congruence subgroup for m and so Gal(L/K) is naturally isomorphic to a generalized ideal class group for this modulus. It is clear though that for any modulus divisible by m, we have that the kernel of the Artin map is a congruence subgroup as well. The next theorem will tell us there is a modulus which is in the obvious sense the smallest modulus. For a proof, see [Jan96, Ch. V, §6 and Thm. 11.11]. This modulus f is denoted by f(L/K) and is called the conductor of the extension.
Hence, we see that, for any abelian extension of a number field K ⊂ L, there is a corresponding modulus m divisible by all primes ramifying such that the Galois group Gal(L/K) is naturally isomorphic to a generalized ideal class group for this modulus. The next theorem asserts the opposite statement, which says that for any generalized ideal class group there is a corresponding abelian extension. The proof can be found in [Jan96, Ch. V, Thm. 9.9, p. 215].
Theorem 3.4.6. (Existence theorem) Let K be a number field, let m be a modulus of K and let H be a congruence subgroup for m. Then there is a unique abelian extension K ⊂ L, such that any prime of K that ramifies in L divides m, and for the Artin map Φ L/K,m we have
The following corollary shows that there is an inclusion-reversing relation between abelian extensions of K and congruence subgroups of a modulus m. 
Proof. Suppose we have L ⊂ M . By Theorem 3.4.4, there are moduli such that the kernels of their respective Artin maps are congruence subgroups. The product of this moduli is a modulus m, such that both kernels of the Artin maps with modulus m are congruence subgroups for m. Now for any prime p of K, consider the restriction of the Artin symbol Remark 3.4.8. Proposition 3.2.3, which ensured the existence of the Hilbert class field, is an immediate consequence of Theorem 3.4.6 and Corollary 3.4.7, by applying the results to the modulus m = 1, so that P K,1 (m) = P K . If we define the Hilbert class field of K to be the unique abelian extension in Theorem 3.4.6 corresponding with the congruence subgroup P K ⊂ I K , it is clearly unramified. For any unramified abelian extension M of K, the kernel of the corresponding Artin map is a congruence subgroup by Theorem 3.4.5. This means it contains P K , and by Corollary 3.4.7 we find that M is contained in the Hilbert class field.
Reciprocity laws
In Chapter 1, we discussed several reciprocity laws for rings of integers. While these results relied on unique factorization of integers, which does not hold in general extensions, these laws can be generalized to the level of ideals. For this, we first define the Legendre symbol in a more general context. Where previously these symbols were defined in terms of elements, we now define them in terms of ideals. First, let K be a number field containing a primitive n-th root of unity ζ n . Then, for any prime ideal p coprime to n, it is clear that x n − 1 is separable modulo p, and thus the classes of ζ k n for 0 ≤ k ≤ n − 1 in O K /p are its n distinct roots. By applying Fermat's Little Theorem to ζ n , one immediately finds that n | N (p) − 1. Now let α ∈ O K be prime to p. Then, we have that α (N (p)−1)/n is a root of x n − 1 modulo p, and therefore congruent to a unique n-th root of unity. This will be defined as the n-th Legendre symbol of α.
Definition 3.4.9. (Legendre symbol) Let K be a number field containing a primitive n-th root of unity. Let p be a prime of K prime to n and let α ∈ O K be prime to p. Then the nth Legendre symbol α p n of α is defined to be the unique nth root of unity satisfying
For any prime p of K prime to n and α, the corresponding nth Legendre symbol of α is now defined. By unique factorization of ideals, we can extend this to define the nth Legendre symbol of α for any ideal a ∈ I K (nα), where I K (nα) is the set generated by primes not containing nα. More generally, we can define it for a ∈ I K (m), where m is a modulus divisible by all primes containing nα. This yields a map I K (m) to the group µ n of n-th roots of unity in C, denoted by
α by multiplying it with some n-th root of unity. Now, by associating each element in the Galois group to this root of unity, we obtain an injective homomorphism Gal(L/K) → µ n , which we denote by i n . Weak reciprocity says that the composition of this map with the Artin map is exactly the map I K (m) → µ n given by the Legendre symbol whenever ker(Φ L/K,m ) is a congruence subgroup. 
Proof. By definition, for any prime p ∈ I K (m), we have that α p n is the unique n-th root of unity congruent to α (N (p)−1)/n modulo p. However, by definition of the Artin symbol, we have that
for any prime P in L lying over p. Consequently, we see the Artin symbol maps to the Legendre symbol under i n and, by unique factorization into primes, the theorem follows.
It is possible to prove Theorem 1.1.4 using weak reciprocity, by considering the field Q( √ p * ), where p * = (−1) (p−1)/2 , which is contained in Q(ζ p ), where ζ p = e 2πi/p denotes a p-th root of unity. This fact ensures that ker(Φ Q( √ p * )/Q,p∞ ) is a congruence subgroup for the modulus p∞, where ∞ denotes the real infinite prime of Q. Then, the generalized Legendre symbol from Theorem 3.4.10 can be shown to equal the Legendre symbol · p , and the quadratic reciprocity law follows. Another theorem, known as strong reciprocity, describes a direct relation between the Legendre symbols of two relatively prime elements α, β ∈ O K . This theorem can be used to prove the cubic and biquadratic reciprocity from Theorem 1.2.3.
3.4.3Čebotarev density theorem
In this section, we will the Dirichlet density of sets of prime ideals in a number field, and relate these sets to abelian extensions of the number field; or more specifically the kernel of the Artin maps of these extensions. The results found will be used in the proof of the Main Theorem, in order to prove the uniqueness of the polynomial f n (x).
To do so, we define the Dirichlet density of a set of primes and then we list some properties of this density. To prove these properties, we first introduce the Dedekind ζ-function. For a number field K, denote by P K the set of all prime ideals of O K . 
where the sum is over all ideals a ⊂ O K .
We now list a few important properties of this function, which are proven in [Neu86, Ch. V, Thm. 2.2, p. 117].
Proposition 3.4.12. Let K be a number field and let ζ K (s) be the Dirichlet ζ-function of K. Then the following statements hold.
1. The series ζ K (s) converges absolutely for all s ∈ C with Re s > 1.
2. The function ζ K (s) has an analytic continuation to some open set containing {s ∈ C | Re s > 1} \ {1}, which has a simple pole at s = 1.
3. For all s ∈ C with Re s > 1, we have the identity
Now we can define the Dirichlet density of a set of primes.
Definition 3.4.13. (Dirichlet density) Let K be a number field and let S ⊂ P K be a set of primes of K. Then the Dirichlet density δ(S) of the set S is defined to be
whenever the limit exists; else we say the density is undefined.
1. This statement follows from the identity
See [Jan96, Ch. VI, Thm. 4.6, p. 159] for a proof of this identity.
For S ⊂ T , we have
−s for s > 1, which implies that the same inequality holds for their densities.
Since p∈S N (p)
−s is positive for s > 1 whenever S is non-empty, we find that δ(S) ≥ 0. Now we have S ⊂ P K , so statement 1. and 2. imply δ(S) ≤ 1.
4. This is an immediate consequence from the fact that in this case the sum p∈S N (p) −1 is finite.
5. The equality is clear for disjoint sets S and T . Combining this with statement 4. shows the result still holds whenever the intersection is finite.
6. It follows as an immediate consequence of statement 4.
The most important property of the density for us, is its relation to primes in number fields, or more specifically Galois extensions of number fields. This relation is described in the next theorem, which has a proof that can be found in [Neu86, Ch. V, Thm. 6.4, p. 132].
Theorem 3.4.15. (Čebotarev density theorem) Let K ⊂ L be a Galois extension of number fields and let σ ∈ Gal(L/K). Let C σ be the conjugacy class of σ in Gal(L/K). Let S ⊂ P K be the set of primes p unramified in L, such that there is some prime P in L lying over p with Artin symbol
Our main interest is abelian extensions, and we see that Theorem 3.4.15 gives a more precise result for these kind of extensions. We have that C σ = {σ} for all σ ∈ Gal(L/K) in this case. This means that for any σ ∈ Gal(L/K), the set S of primes p in K unramified in L with Artin symbol σ, the density is δ(S) = 1/[L : K]. Note also that this immediately proves surjectivity of the Artin map.
We will now apply Theorem 3.4.15, that relates inclusion of fields to inclusion of sets of primes that split completely in an extension. For this, we first introduce some additional notation. We denote by S L/K ⊂ P K the set of primes p in K that split completely in a finite extension L of K. Also, denote byS L/K ⊂ P K the set of primes p in K unramified in M , for which there is a prime P in M lying over p so that the inertial degree f P|p of P over p is equal to 1.
For two subsets S, T ⊂ P K , we write T⊂ S whenever T \ S is finite, and we write T . = S whenever T S is finite.
Theorem 3.4.16. Let K be a number fields and let L, M be finite extensions of K. Then the following statements hold.
Proof. Let us consider the first statement. The implication to the right is clear. Let N be a Galois extension of K, which contains both L and M . Let σ ∈ Gal(N/M ). By Theorem 3.4.15, there is a prime p in K unramified in N , such that there is a prime P in N lying over p, which has Artin symbol N/K P that lies in the conjugacy class of σ. By Proposition 3.2.5 each conjugate is also the Artin symbol of some prime lying over p, thus we may assume that we have
Since p is unramified in N , we see that p is also unramified in M . For any α ∈ O M we have σ(α) = α,
being the Artin symbol of P over p implies that σ M is the Artin
immediately follows, so we find that f P |p = 1
This means p splits completely in L, and consequently, by Proposition 3.2.5, we have
Then σ ∈ Gal(N/L) follows, and therefore we conclude Gal(N/M ) ⊂ Gal(N/L). Thus, we find that L ⊂ M . Now for the second statement, note again that the implication to the right is clear. For a prime p of K, it can be shown that p splits completely in L if and only if it splits completely in the normal closure L of K (see [Mar77, Cor. to Thm. 31, p. 108]). So we find that S L/K = S L /K and, since M is Galois over K, we find that S M/K =S M/K . Thus we find that S M/K⊂ S L/K is equivalent toS M/K⊂ S L /K , which by the first statement is equivalent to L ⊂ M . But this immediately implies L ⊂ M .
Main Theorem
The theorems of class field theory from chapter 3 allow us to prove the Main Theorem. To do so, we first define the ring class field of an order Z[ √ −n], and then show that an odd prime p not dividing n is of the form x 2 + ny 2 if and only if it splits completely in L. Then we describe the field L by finding a monic integer polynomial f n (x), which will be the minimal polynomial of a primitive element of the extension K = Q( √ −n) ⊂ L and prove the equivalence in the Main Theorem for this polynomial. In the second part of the proof, we show that any polynomial of the given form satisfying the equivalence is the minimal polynomial of some primitive element of this extension. Finally, we work out an example to illustrate the use of the theorem.
Ring class field
If we look at the behavior of a prime p in the ring Z[ √ −n], we see that a prime is of the form x 2 + ny 2 when it splits into two principal ideals (x + √ −ny)(x − √ −ny) in this ring. The principal ideals in this ring we are interested in, is the group P K,Z (f ) of principal ideals prime to the conductor f . This group is a generalized ideal class group of K for the modulus f O K , and thus corresponds with a unique abelian extension, which will be called the ring class field.
Definition 4.1.1. (Ring class field) Let O ⊂ K be an order in an imaginary quadratic field. Then the unique abelian extension L from Theorem 3.4.6, corresponding with the congruence subgroup P K,Z (f ) for the modulus f O K , is called the ring class field of the order O. For this field, we have that all primes of K ramified in L divide the modulus f O K , and the Artin map induces an isomorphism
Remark 4.1.2. In case we have that the ring of integers of a number fields is given by O K = Z[ √ −n], which happens whenever n is squarefree and n ≡ 3 mod 4, we find that the conductor equals 1. In this case, we have I K (1) = I K and P K,Z (1) = P K,1 (1) = P K , so the ring class field is equal to the Hilbert class field, as seen in Remark 3.4.8.
For us, the most important property of the ring class field is given by the following theorem.
Theorem 4.1.3. Let n be a positive integer. Let L be the ring class field of the order Z[ √ −n] in the field K = Q( √ −n). Then L is Galois over Q, and if p is an odd prime not dividing n, then
Proof. Let f be the conductor of the order O = Z[ √ −n] and let m = f O K be the corresponding modulus. Now let τ denote complex conjugation. Then for any prime p in K unramified in τ (L), we see that p is a prime of K unramified in τ (L), and we have
Because L is the ring class field of K, we have ker(
) is a polynomial with coefficients in Q, so the minimal polynomial of β over Q divides g(x). Since f (x) splits in L and τ (L) = L, we find that g(x) splits in L, and thus the minimal polynomial of α over Q splits in L. Thus, we see that L is Galois over Q.
We know the order O has discriminant −4n = f 2 d K , and since p is an odd prime not dividing n, this means that p does not divide d K and therefore is unramified in K. Now p = x 2 + ny 2 implies that we can write p = (x + y √ −n)(x − y √ −n), so that pO K can be written as a product of two distinct principal ideals with generators in O. Conversely, if pO K is the product of two distinct principal ideals with generators in O, we know that one of these ideals can be written as (x + √ −ny)O K for some integers x, y ∈ Z. Then, by noting the Galois group acts transitively on the primes, the second ideal will be (x − √ −ny)O K , and we find p = x 2 + ny 2 . So, we see that p = x 2 + ny 2 ⇐⇒ pO K is the product of two distinct ideals of the form p = αO K , α ∈ O.
Since p does not divide −4n = f 2 d K , we find that it does not divide f . Thus, we see that the algebraic integer α in above equivalence is necessarily congruent modulo f O K to an integer a prime to f , while at the same time for any α ∈ O K congruent to an integer a modulo f O K we have that α ∈ O. This means that a prime ideal p dividing p is of the form αO K with α ∈ O if and only if p ∈ P K,Z (f ). Since this is the kernel of the Artin map by construction of the ring class field, this condition is equivalent to L/K p = 1. By Proposition 3.2.5, we now find pO K is the product of two distinct ideals of the form p = αO K , α ∈ O ⇐⇒ p splits completely in L.
Finally, combining the two equivalences above completes the proof.
Primes of the form
In this subsection, we give a proof of the Main Theorem for the representation of primes by the form x 2 +ny 2 , which gives a complete description when a prime can be expressed by this form for any positive value of n. Then we work out the example where n = 15, and finally, we discuss some limitations of the theorem.
Proof of the Main Theorem
Theorem 4.2.1. (Main Theorem) Let n be a positive integer. Then there is a polynomial f n (x) ∈ Z[X] which is monic and irreducible and has degree h(−4n), such that, for any odd prime p not dividing n or the discriminant of f n (x), we have
Furthermore, a monic integer polynomial f n (x) of degree h(−4n) satisfies above condition if and only if f n (x) is irreducible over Z, and is the minimal polynomial of a real algebraic integer α, for which we have
and L is the ring class field of the order
Proof. Suppose we have an odd prime p not dividing n. Then, by Theorem 4.1.3, we see that p = x 2 + ny 2 if and only if p splits completely in the ring class field L of the order
, we find that L = K(α). Therefore, we may assume that L = K(α) for some real algebraic integer α.
Let f n (x) ∈ Z[x] be the minimal polynomial of α over K, which has integer coefficients, because α is real. Because of the isomorphisms C(−4n)
. By Theorem 3.1.8, we can see a prime p splits completely in L if and only if it splits completely in K and some prime p of K lying over p splits completely in L. By Proposition 3.1.10, we see that, for p not dividing n or the discriminant of f n (x), this is equivalent to x 2 + n ≡ 0 mod p and f n (x) ≡ 0 mod p both having a solution in their respective ring of integers, as both polynomials are separable modulo p. As p splits completely in K, we have f = 1 for this extension, which implies O K /p Z/pZ. we find that p = x 2 + ny 2 if and only if −n p = 1 and f n (x) ≡ 0 mod p has an integer solution.
Turning to the last part of the theorem, let f n (x) be a monic integer polynomial of degree h(−4n) satisfying the equivalence in the Main Theorem. Let α be a root of f n (x) and set M = K(α). Then we have α ∈ O M , since f n (x) has integer coefficients. Now consider a prime p such that p ∈S M/Q . Let P be a prime in M such that f P|p = 1, then clearly for the prime p in K given by p = P ∩ O K we have f p|p = 1. But this implies that p splits completely in K. By construction of M , we find that f n (x) has a zero modulo P, and then f P|p implies that f n (x) has a zero modulo p.
Consequently, this implies p = x 2 + ny 2 , as f n (x) satisfies the equivalence, and thus, by Theorem 4.1.3, we find that p splits completely in L. But this implies that we have p ∈ S L/Q , and thusS M/Q⊂ S L/Q , since only the set of primes dividing n or the discriminant of f n (x) were not taken into consideration, which is a finite set. Theorem 3.4.16 tells us that we have L ⊂ M , and therefore we have
from which we immediately find that L = M . So f n (x) is indeed the minimal polynomial of some primitive element of the ring class field L.
Applications of the Main Theorem
We now discuss a few applications of the Main Theorem. First, we work out a specific example in which n equals 15, to illustrate the theorem. Then, the results from section 1.2 are discussed to show how they can be used to compute the ring class fields of quadratic fields. Proof. First, let us look at the form class group C(−60). It is easy to show that x 2 + 15y 2 and 3x 2 + 5y 2 are the only reduced forms in this group, and thus we have h(−60) = 2. So the Main Theorem tells us there is an extension Q( ], and thus we can compute the conductor of the order is f = 2. Now let τ ∈ Gal(K/Q) denote the non-trivial element of this group (complex conjugation), and let σ ∈ Gal(L/K) denote the non-trivial element of this group. Then we find that τ (α) = α and σ(α) = α. If we set β = α − σ(α), then we find β = 0 with τ (β) = β and σ(β) = −β, from which we obtain σ(β 2 ) = β 2 . So β 2 is an algebraic integer in Q, as it is invariant under both σ and τ , and thus we find β 2 ∈ Z. Since α was real, we find that β is real and we have L = K(β), as σ(β) = β and [L : K] = 2. So we find that we can write L = K( √ m), where m is a positive squarefree integer. Since L is the ring class field of an order of conductor 2, we see that any prime of K that ramifies in L must divide the modulus 2O K . Let p be a prime that divides the number m. Suppose that p is odd not dividing 15, then we see that p ramifies in M = Q( √ m), as we can write pO M = (p, √ m) 2 . Now this implies that p ramifies in L as well, and since the only primes ramifying in K are the primes dividing d K = −15, we find that the only primes that can divide m are the primes 2, 3 and 5. This gives us 7 possible options for m: 2, 3, 5, 6, 10, 15 and 30.
The corresponding minimal polynomial f n (x) is f n (x) = x 2 − m and if p is an odd prime not dividing 15, it does not divide m, and therefore does not divide the discriminant of f n (x). The equivalence in the Main Theorem implies that such a prime p is of the form x 2 + 15y 2 if and only if 2) is the ring class field of the order Z[8i] in N = Q(i). Theorem 4.2.1 tells us that determining the ring class field of the order Z[ √ −n] is equivalent to finding a polynomial f n (x) satisfying the equivalence. In general, it is still hard to compute the ring class field, as the proof of the Main Theorem gives no explicit construction. There are methods to determine this field, which are described in Chapter III of Cox, see [Cox13] .
Related results
The final chapter discusses results related to the Main Theorem, and all other results described in the previous chapters. We first discuss some results by Lenstra, Stevenhagen and Jansen on Mersenne primes of the form x 2 + dy 2 , and the divisibility properties of x for those representations. Then, we look into the results of Berrizbeitia, Luca and Mendoza on Fibonacci numbers with prime index p.
From these results and the methods used in the proofs, we will obtain a similar expression for Lucas numbers with prime index p, and formulate some conjectures about these Lucas numbers.
Mersenne primes
In the paper of Lenstra en Stevenhagen (see [LJS00] ), the main result is the following theorem.
Theorem 5.1.1. Let M l = 2 l − 1 be a Mersenne prime with l ≡ 1 mod 3. Then there are x, y ∈ Z such that M l = x 2 + 7y 2 , and furthermore x is divisible by 8.
The proof of the theorem relates the Artin symbols of the primes lying over M l in Q( √ −7) to the Artin symbols of the primes lying over M l in Q( √ 2). A generalization of this theorem can be found in the Master's thesis of Jansen (see [Jan02, Thm. 4 
.2, p. 34]).
Theorem 5.1.2. Let d = 2 n − 1 be a squarefree integer with n odd. Let M l be a Mersenne prime with l ≡ 1 mod n. If there are x, y ∈ Z such that M l = x 2 + dy 2 , then x is divisible by 8.
The proof operates in cyclic extensions of degree 4 over the field Q( √ −2d). In the next chapter we attempt to prove similar congruence condition for Lucas primes.
Fibonacci and Lucas numbers
The Fibonacci numbers are the defined by the recursive relation
For any Fibonacci number with index n ≥ 5, it can be shown that F n can only be prime whenever p is prime.
In the paper of Berrizbeitia, Luca and Mendoza, see [BLM15] , the following theorem is proven.
Theorem 5.2.1. Let p be a prime number such that p ≡ 3 mod 4. Then there are integers x, y such that
The proof of the theorem makes use of Galois theory, the norm function and some properties of the ring of algebraic integers of number fields. Now let us look at the Lucas numbers, which are similar to the Fibonacci numbers, as they satisfy the recursive relation
It can be shown that L n can be prime for n > 0 only if n is prime or a power of 2. In the case where p is prime, we prove the following theorem, using the same techniques as in [BLM15] .
Theorem 5.2.2. Let p be a prime number such that p ≡ 3 mod 4. Then there are integers x, y such that
Proof. If we let α = 2 , then we have
Let ζ n denote a primitive n-th root of unity, then this formula leads to the identity
Let p be a prime such that p ≡ 3 mod 4, set M = Q( √ 5, ζ p ) and set K = Q( √ 5, √ −p). Now, we define γ = α + ζ p β ∈ M and Γ = N M/K (γ) ∈ K. By using the facts about the Galois group of M and its subfields, as described in [BLM15] , we find that Gal(M/Q) = τ × σ 5 , where τ denotes a generator of Gal(M, Q( √ 5)), and σ 5 satisfies σ 5 (ζ p ) = ζ p and σ 5 ( √ 5) = √ 5. It follows that Gal(M/K) is generated by τ 2 . If we let R be the set of quadratic residues in (Z/pZ) * , this fact show that Γ = r∈R (α + ζ r p β).
Since τ (ζ p ) = ζ g p for some generator g, which neccesarily is not a quadratic residue in (Z/pZ) * , we find L p = Γτ (Γ). Now if we consider σ 5 (Γ), we find that where the last identity follows from the fact that the sum of the quadratic residues in (Z/pZ) * is congruent to 0 modulo p.
The congruence p ≡ 3 mod 4 implies that −1 ∈ R, and consequently we find that σ 5 (Γ) = τ (Γ), or equivalently τ σ 5 (Γ) = Γ. This implies that Γ ∈ Q( √ −5p), the subfield of K invariant under τ σ 5 . As Γ is an algebraic integer, this implies that Γ = s + t √ −5p for some rational numbers s, t such that 2s and 2t are integers. From this we immediately find 4L p = Γτ (Γ) = 4(s + t −5p)(s − t −5p) = (2s) 2 + 5p(2t) 2 , and the result is proven.
By taking a closer look to the proof of Theorem 5.2.2, we see that if L p is prime, it is the product of two principal ideals in K = Q( √ −5p). If we consider the Hilbert class field of this extension, we find that the primes lying over L p are in the kernel of the Artin map (for the modulus m = 1), so L p splits completely in this field.
Conjecture 5.2.4. Let p ≡ 3 mod 4 be a prime number such that L p is prime. Then L p = x 2 + py 2 for some integers x, y ∈ Z.
Let K = Q( √ −5p) and let L denote the Hilbert class field of K. Consider the extension of fields Q ⊂ Q( √ −p) = N , in which the only prime that ramifies is the prime p. Now a prime p ≡ 3 mod 4 does not ramify in the extension Q ⊂ Q( √ 5), so we find that the extension K ⊂ K( √ −p) is unramified. This implies that √ −p ∈ L. This result can also be derived from the fact that √ −p is contained in the genus field of K, the largest subfield of the Hilbert class field, that is abelian over Q. For more details, see [Cox13, Thm. 6.1, p. 109].
As seen in the proof of the Main Theorem, we can choose α to be a real such that L = K(α). Now the Galois group Gal(L ∩ R/Q) is isomorphic to Gal(L/K), which is abelian, as both groups are of the same order, and any element of Gal(L/K) has a corresponding restriction in Gal(L ∩ R/Q). But then L = (L ∩ R)( √ −p) = L implies that Gal(N/K) is also isomorphic to Gal(L ∩ R/Q), and therefore is abelian. To find a representation of the prime L p by the form x 2 + py 2 , a possible is to find a relation between the Hilbert class field L and the ring class field of Z[ √ −p]. However, we have that 5 ramifies in L, so that the primes in Q( √ −p) dividing 5 ramify in L as well. To relate these fields, we thus need to consider extensions with conductor divisible by 10.
Conjecture 5.2.5. Let p ≡ 3 mod 4 be a prime number. Then L p = x 2 + py 2 for some integers x, y ∈ Z.
A method of proving this conjecture might be by the norm function, in a way similar to how it was used in Theorem 5.2.2. For Fibonacci numbers F p , where p ≡ 1 mod 4 is prime, this result was proven in [AGBL15] using norms.
